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Abstract: A dominating set D € V[SE(G)] is a split dominating
set in[SB(G)]. If the induced subgraph (V[SE(G)]1—D} is
disconnected in [SB(G)]. The split domination number of
[SB(G)] is denoted by ¥z=5 (&), is the minimum cardinality of
a split dominating set in [SE{G)]. In this paper, some results on
¥ 225 (&) were obtained in terms of vertices, blocks, and other
different parameters of G but not members of [SB{G)].
Further, we develop its relationship with other different
domination parameters of (.
Key words: Block graph, Subdivision block graph, split
domination number.
[ INTRODUCTION

All graphs considered here are simple, finite, nontrivial,

undirected and connected. As usual P, q and n denote the

number of vertices, edges and blocks of a graph &
respectively. In this paper, for any undefined term or notation
can be found in F. Harary [3] and G .Chartrand and PingZhang
[2]. The study of domination in graphs was begin by O.Ore [5]
and C.Berge [1].

As usual, The minimum degree and maximum degree of a
graph G are denoted by &(G)and A(G) respectively. A
vertex cover of a graph ( is a set of vertices that covers all the
edges of G.The vertex covering number cn (&) is a minimum
cardinality of a vertex cover in G.The vertex independence
number So{G) is the maximum cardinality of an independent
set of vertices. A edge cover of (7 is a set of edges that covers
all the vertices. The edge covering number @4 (G) of G is
minimum cardinality of a edge cover. The edge independence
number 5 (G) of a graph & is the minimum cardinality of an

independent set of edges.
A set of vertices D © V(&) is a dominating set. If every

vertex in ¥V —D is adjacent to some vertex in D .The
Domination number ¥{&) of & is the minimum cardinality of
a dominating set in(r.

A dominating set I of a graph & is a split dominating set
if the induced subgraph (V' — D} is disconnected. The split
domination number ¥:(G) of a graph & is the minimum

cardinality of a split dominating set .This concept was
introduced by Kulli[4]. A dominating set D of G is a cototal

dominating set if the induced subgraph (V' — D} has no

isolated vertices. The cototal domination number ¥ ;o:{G) of
{r is the minimum cardinality of a cototal dominating set. See

[4]
The following figure illustrate the formation of [SB{G)]

of agraph &
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The domination of split subdivision block graph is denoted
by ¥ss5(G). In this paper, some results on ¥.5(G) where

obtained in terms of vertices, blocks and other parameters of
.

We need the following Theorems for our further results:
[l MAIN RESULTS

Theorem A [4]: A split dominating set D of & is minimal for
each vertex ¥ € D, one of the following condition holds.

i) There exists a vertex W&V —D, such that
NN D = {vl.

ii) v is an isolated vertex in {D}.

iit) {(V —D) U {v}} is connected.

pAlG)

Theorem B [4]: For any graph , ¥ (G) = 1ialo)

Now we consider the upper bound on ¥ (G) in terms of
blocks in r .

Theorem  2.1: For any graph & with
n — blocks and n = 2, then ¥eep (G) =n — 1.
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Proof: For any graph & with . = 1 block, a split domination
does not exists. Hence we required 7 = 2 blocks. Let
S ={By, By, B3, ... .. ... ... B,,}be the number of blocks of G
and M = {by,bs,bg,.cc ceu e ... By} be the vertices in B{(G)

with  corresponding to the Dblocks of 35.Also
V:{?:J,'r:-'g,'rsg,..........‘rfn} be the set of vertices in

[SB(G)]. Let V) = {1y, 15,03, v cevee . 4 ),

1=i=mnT1] ©V be a set of cut vertices. Again consider a
subset Viof v such
thatv'v; € N(V) n N(VDandVy, =V — 1L Let
Vo ={vy, ¥2, V5, e e Vo) 1= 5 =1, V1, EV which
are not cut vertices such that

NV )NN(V,) =6, then {V; UV,} is a dominating set
Clearly V[SB(G)— {3 UV5} = H is disconnected graph.
Then (, UL s a Yesp — Set of G.Hence
[V; U Vs| = ¥.sp(G) which gives ¥ (G) =0 — 1.

In the following Theorem, we obtain an upper bound for
¥ s (G) in terms of vertices added to  B(G).

Theorem 2.2: For any connected (p.q) graph with n. = 2
blocks, then ¥=s5 (G) = R where R is the number of vertices
added to B(G).

Proof: For any nontrivial connected graph G. If the graph &
has m = 1 block.Then by the definition, split domination set
does not exists. Hencent = 2 blocks.Let
S ={By,By,Bs, .. ... .. B} be the blocks of G and
M = {by, b2, b3, oo by} be the vertices in B(G)
which corresponds to the blocks of 5.Now we consider the
following cases.

Casel: Suppose each block of B{G) is an edge.
ThenR =g = E[B(G)] . Let V = {11, V2, V3, v e ven V)
be the set of vertices of [SB{G)]. Now
considerVy = {14, V2, V3, e e e ¥ , 1 =1 = Misa set of
cut vertices in [SB(G)].

LetVo; € W) V; €15 are adjacent to end vertices of
[SB(G)]. Again there exists a subset V3 of V5 with the
property VISE(G)] —{V, UVe} = H where Y v, € H s
adjacent to  atleast one vertex of (Vo U Vi) and H isa
disconnected graph . Hence 15 U W5 is a
Ve S€L0f . By Theorem 1,

IV, UVy| = R.
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Case2: Suppose each block of B{(G) is a complete graph

withp = 3 vertices. Again we consider the sub cases of
case 2.

Subcase2.1: Assume  B(G) =K,, p=3. Then
VIsB(G)] = VIB(G)] +q[B(G)] and
V[SB(G)] —VI[B(G)] = q[B(G)] where ¥ v; € g[B(G)]
is an isolates. Hence |g[B(G)]| = [V[B(G)]| which
gives ¥z (0) = R,

Sub case 2.2: Assume every block of B{(G) is Kp,p = 3. .
Let  B(G) ={Kp, Ky Kp )oKy} then
V{S[B,(6)U By(G)UBy(6) ..o U B (G} = V1B, By By . Byl + 4 BIEN U galB(E U
05[B6)].. ... .U gy [B(G)]

and V{S[B,(G)u B,(G)UBL(G) ... .......UB,,(G)]} —
V[By, By, Ba, e oo By ] -
g1 [B(G)] U qz[B(G)] U g3[B(G)] ... ...... ..U g, [B(G)].
here
2 € quBONU 2B U Gz BO)] . .U gulBG)]

is an isolate. Hence
|qy[B(6)]V 3 [B(G)] U g3[B(G)]... ... U g [B(G)] | 2 [V[By, By, B,y v Byl
which gives ¥z, (G) = R.

We establish an upper bound involving the Maximum degree
A(G) and the vertices of G for split block sub division

domination in graphs.

Theorem 2.3: For any graph & withn = 2 blocks,
pA(E)
then L (G} = l1+_"u'G}J'

Proof: For split domination, We  consider the graphs with

the  property n = 2 blocks. Let
S ={B;,B3,B3, ... ccc0 ... By} be the blocks of G and
M = {by,bs,bg, e ceeuee .. By} be the vertices in B(G)

corresponding to the blocks of 5. Let
V = {vy,15,V3, v oo . U} be the vertices in[SB(G)]. Let
D be a ¥, — set of [SB(G)]. By Theorem A, each vertex
v € Dithere exist a vertex u € V[SB(G)] —D is a split

dominating set in [SE(&)].Thus
¥(6@) = [V[SB(G)] = DI, y(G) = P —y.5(G). Since by
pALG) . .
Theorem B, }’S(G} = 1) which gives
pAlG)
Ve (G) < l1+_‘uiG}J'

The following lower bound relationship is between split
domination in [SB{G)] and vertex covering number in B{G).
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Theorem 2.4: For any graph & with n = 2 blocks then
Ve \G) = ag[B(G)] , where @n is a vertex covering

number of B{G).

Proof: We consider only those graphs which are not m = 1.

Let S =1{By,B5 B3, «ecoo... Byl be the blocks of &
which correspondes to the set
M = {by,bs,b3,.ce cuvuee oo by} be the vertices in B(G). Let
V ={v,v,V3 oo U} be the  vertices in
[5B(G)] suchthat M cC V. Again
D ={vy,v5, V3 e oo ¥}, 1=i=n,DcV such that
N(v;)n N{v}-} =, i, v;,ED and

v €EVISB(G)] —Dand N(v)n N(v;) =0 ,¥v;,v;,€D

Hence (V[SB(G)]—D) s disconnected, which
gives |[V[SB(G) — D| = ¥.oep (G). Now
My = {by, By, by e b}, 1 =i =nandM; € M
and each edge in B{(&) is adjacent to atleast one vertex in Mj.
Clearly |M;| = ag[B(G)]. Hence |VISB(G)] —D| = |M|
which gives ¥« (G) = ag[B(G)].

The following result gives a upper bound for ¥ zcx {G)in terms
of domination and end blocks in .

Theorem 2.5: For any connected graph G withn = 2 blocks
and IV — end blocks, then

¥z (G} = Y(G} +N.

Proof: Suppose graph & is a block .Then by definition, the
split domination does not exists. Now assume & is a graph

with at least two blocks. Let § = {By, Bz, Bg, v cevvee oo By}
be the set of blocks in Gand M = {by, s, bz, e vevvee vo By }

be the vertices in B{G) which corresponds to the blocks of G.
Now V ={vy, 15,73, e} be the  vertices

in [SB(G)]. Suppose D is a y.— setin[SB{G)]of G,
whose vertex set is ¥V = {11,177, 73, v wu ... 7% 1 . Note that
at least onet’; € 5. More over, any component of ¥ — 5 is of
size atleast two. Thus D is minimal which gives
ID| = yop(6).  Again  S1 = {1y, Us,Uz, e cen e Uy )
be the vertices in & and
Dy = {uy,us,ugz, o et },1 =i =n,Dy © 8. Every
vertex of 31 — Dy is adjacent to at least one vertex of Dj.
Suppose there exists a vertex ¥ € Dy such that every vertex of
Dy —T, is not adjacent to at least one vertex
ue 5 —{Dy —v}l. Thus |S;— Dyl =9(G) . Hence
|D| = |53 — Dy|+ N which gives ¥ (G) = ¥(G) + .
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A relationship between the split domination in [SB{&)] and

independence number of a graph & is established in the
following theorem.

Theorem?2.6: For any connected graph & with n = 2 blocks
then ¥esp (G} = JED(G} - 11 where ﬁD(G} is the
independence number of (r.

Proof: By the definition of split domination, # 1. Let
S ={By,B;,B3, ... ccoer ... By} be the blocks of G which

corresponds to the vertices of the set
M ={by,ba,bg,.cc veruee o by tin B(G). Let
V = {vy,73,3, e oo . Uy} be the vertices in [SB(G)]

such that M V' Let H = {1y, v3, 3, vuree oo T} be the
set of vertices in &. e have the following cases.

Casel: Suppose B(G) is a tree. Let
Vi = {vy, 13,05 ce e e} are  cut  vertices  in
[SE(G)]. Again Vlii = {1, V2, V3 eV, 1 == 5
and V' < VlwereWw, € Vi, Then we  consider
v v ’
where V' = {vy, v5, 73, oo e v} = W U U
with the property that N(v) nN(v;)=0,vv; €13
and Wv; €Vl andV,) s a set of all end vertices
in[SB(G)]. Again (V[SB(G)]) =] where every v € [ is an
isolates. Thus |[Vj*| = y.en (G,

Case 2: Suppose B{(G) is not a tree. Again we consider sub
cases of case 2

Subcases2.1: Assume B{(G) is a block. Then
in [SB(G)], V[SB{G)] =VI[B(G)] + {K},where ¥V k,

degk = 2. Thus |K|= Py the number of isolates in
VISB(G)] — VIB(G)]. Hence IVIB(G)]| = y.(G). One
can see that for the [Sp — set as in casel, We have
[VIB(G)]] = Bo — 1 which gives ¥z (G) = BolG) — 1.

Sub case 2.2: Assume B{G has atleast two blocks.Then as in
subcase 2.1,we have ¥ (G) = Bo(G) — 1..

The next result gives a lower bound on ¥ zzp (&) in terms of
the diameter of G.

Theorem 2.7: For any graph & with 1= 2 blocks
then ¥zep (G) = diameter(G) — 2.
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Proof : Suppose & = {By,By,B3, e cueeeee By} be the
blocks of G,Then M = {by,b5,b3,.. ev e o. Byt be the
corresponding block vertices in B(G). Suppose
A={e,e5,€3 .8} be the set of edges which

constitutes the diameteral path in G.Let 5y = {B;} where
1=i=mn,5 < 5. Suppose ¥ B; €51 are non end blocks
in G,which gives cut vertices in B{G) and [SB{(G)].
Suppose V = {1, 72, V3, v oo eV} be the vertices in
[SB(G)]. Again V ; = {vy, 13,03, vervee veen Vi) where
1=i=mn such that V3 cVithenVw; €V, are cut
vertices in [SB(G)]. Since they are non end blocks in
[SE(G)]. Then Ty isa ¥.—set of [SB(G)]. Clearly
Vil = ¥asp (G).

Suppose & is cyclic then there exists atleast one block B

which contains a block diametrical path of length atleast two.
In B(G) the block B € V[B(G)] as a singleton and if

atmost two elements of {A}& diameter of & then
Al —2 = W] givesyssp (G) = diameter(G) — 2.
Suppose & is acyclic then each edge of & is a block of (.
Now VB; € 5,3 &;,e; €{A}, where 1 = {i,j} = k gives
diameter (G) —2 = |V |

have Vs (G) = diameter(F) — 2.

Clearly we

The following result is a relationship between ¥ssp(G) |
domination and vertices of &.

Theorem 2.8: For any graph G with
n = 2 blocks then Y., (G)+y(G) =P +1.

Proof: Suppose the graph & has one block, then split
domination does not exists. Hence nn = 2 blocks .

Suppose S = {By, By, B3, ... cce.en ... B} Dbe the blocks of

G.Then M =1{by,bs,bgyuee e By} be  the
corresponding block  vertices in B{G). Let
H = {14, 12,73, w0 e . Vn ) be the set of vertices in .

Also
] = vy, 73,75, ...
and ¥v; EH —] is adjacent to atleast one vertex of
J.Hence |J| = y(G).Let V = {1y, 75,73, oo Vo) be
the set of vertices in [SB(G)].Now 5; = {B;} where
1=i=n,5 C Sand¥ B; €54 are non end blocks in &.
Then we have V5 < ¥ which corresponds to the elements of
5[51] such that V3 forms a minimal dominating set of
[SB(G)]. Since each element of V; is a cut vertex, then

. V;}wherel =i =nsuchthat] CcH
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Vil = ¥ep(G).  Further WL UJ=P+1  which

gives ¥.ep (G)+¥(G) =P +1.

Next, the following upper bound for split domination in
[SB(G)] is interms of edge covering number of G.

Theorem2.9: For any connected (p,gq) graph with
n = 2 blocks ,theny.s (G) = a;(G) +1 where a3 (@)
is the edge covering number.

Proof: For any non trivial connected graph & with
n = 1 block, then by definition of split domination, the split
domination set does not exists. Hence 11 = 2 blocks,

Let S={By,B5, B3, e cceoe.. By} Dbe the blocks of &

which correspondes to the set
M = {by,by,ba, .. e .. by} be the vertices in B(G). Let

e Ut be the vertices in [SB(G)]
such that M = V. We have the following cases.

V= {T—"l_, Vg, Vg e

Case 1: Suppose each block is an edge in & .Then
E(G) = |E;(G) U EL(G)| where Ey{&) is the set of end
edges, If every cut vertex of & is adjacent with an end
vertex. Then 3 Ey(Gland E,(G). If E;(G) = @.Then
|E;(G)] = a1 (G) .Otherwise |Ey (G) U E2(@)] = 04(G).

Let Dy ={v.},1=s=nandD; ©V, then there exist
atleast one cut vertices in [SB(G)]. Let Dp = {w.}
1=t=mn,D; CV which are non cut vertices in[SB{G)].
AgainD}={w},1=<1=t ad DicD, The
N(DI) n N(v,) = @ then (D}UD,) is a split dominating set.
Hence  (V[SB(G)] — (DIU Dy)) = y.(G).  Since
(V[SB(G)] — (DIU D)) has more than one component.
Hence|V[SB(G)] — (D} U Dy)| = @, (G) + 1 which gives
¥asm {G} = "-11{5} +1.

Case2: Suppose & has atleast one block which is not an edge.
Let Dy = {vy,v5, 05 ey} 1=i=n and Dy V
be the set of cut vertices such that N{v;) # @. Again
Dy ={vy,v3,v3, e .y} 1 =1 =1 be the set of cut
vertices  in [SB(G)] such that N(v,)niN(v,)=0
N(v,) nN(v)) = v, ,wherev;,v;,ED and
vy, € V[SB(G)] = D. Hence (V[SB(G)] — D} is disconnected
, which gives |V[SB(G)] —D| = y..»(6). As in case 1,
(&) will increase. Hence |V[SB(G)] —D| = oy (6) +1
which gives @1 (&) + 1 = ¥, (G).
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The following lower bound for split domination in [SB(G)] is
interms of edge independence number in B{G).

Theorem 2.10: For any graph G with
n = 2 blocks then y.,(G) = 5 [B(G)].

Proof: By the definition of Split domination, we need
n = 2 blocks. We have the following cases.

Case 1: Suppose each block inB{G) is an edge. Let
. e 8y, ) be the set of edges in B(G).
Also Ey = {e.},1 =5 =n be a set of alternative edges in
B(G). Then |Ey| = B, [B(G)].

E = {Ej__.E:_.EE_.....

Consider V = {17,773, 13, wev v e . Uy} be the vertices in
[SE(G)] |, again Wy = {vy, 172,773, e oo e W5} be the cut
vertices which are adjacent to at least one vertex of Ey and
V, = {v.} are the end vertices
in [SB(G)]. Further (V[SB(G)] — (1, U L)) is
disconnected. Then |V} U V5| is ay . — set.

Hence |V UV,| = |Ey| which gives ¥s5 (G) = 1 [B(G)].

Case2: Suppose there exists at least one block which is not an
edge. Let E = {ey,es,e3, e ooy | be the set of edges in

B(G). Again By = {e.},1 =5 = n is the set of alternative
edges in B{G) which gives |E1| = 1 [B(G)].

Suppose V = {vy,v3, 73, v e w1y} be the vertices of
[SB(G)]. Then V =14 UV where ¥ is a set of cut vertices
and Vois a set of non cut vertices. Now we consider

Vic W and W c such that
(VISB(G)] — (VU 1) has more than one component.
Hence WU 'l is a Ve — Set and

v u v

= f [B(G)] which gives ¥s5 (G) = B [B(G)].

In the following theorem, we expressed the lower bound for
Y55 LG ) in terms of cut vertices of B{G).

Theorem 2.11: For any connected graph & with
n = 2 blocks then ¥, (G) = C[B(G)] where C is the cut
vertices in B(().

Proof: Suppose graph & is a block. Then by the definition, of
split domination, 1 = 2. consider the following cases.

Case 1: Suppose each block of B{) is an edge. Then we
consider § = {1, 3,3, e vev oo Uy} be the cut vertices in
B(G). Now V = {1y, 3,73, vuv vee oo Uy be the vertices in
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[SB(G)] and Wy ={1;} 1=i=n are cut vertices in
[SB(G)]. AgainV; <V} is adjacent to at least one vertex in
S. Then V[SB(G)] — V> gives disconnected graph. Thus
|Va| = Y2 (G). Hence| Vs | = C[B(G)]
gives ¥z (G) = C[B(G)].

Case 2: Suppose each block in B{G) is not an edge. Let
5= v g, g, ..........vs} be the cut vertices in
[SB(G)].Then 5; = 5. Again
Sy ={1y,v5,73, oo .Uy} are the non cut vertices in
[SB(G)].Further we consider S}c§, such that
V[SB(G)] —{S3}u{S} = H where (H} is disconnected.
53U Sy| = |5] which gives ¥ (6) = C[B(G)].

Clearly

Finally, the following result gives an lower bound on ¥ s (G)
in terms of ¥ooel &) .

Theorem  2.12:  For any nontrivial tree  with
n = 2 blocks, Yssb(G} = Ycor(G} -1

Proof: We consider only those
n=1  Let H

, Hl :{'E-"l_.t’:_.t’a_...........i—"i}_. 1£l£p be a subset
of V(G) =H which are end vertices in &. Let
] ={v,v2,v3, vy € V(G) with 1=j=p

graphs which are not
= {ffl, Vg, Vg vee ser ....'E.”?,}

such that Vv, €], Nw)nN(v)=0 and
(V(G)—(Hyu has no isolates,
then|Hy UJ| = ¥oo:e(G) Let V = {1y, 175, Vg, cer e ern . Uy )

be the vertices in [5B(5)]. consider

D = {vy, 05, V3 v oo Vo) = V4 UVo U Vg be the set of
all vertices of[SB(G)]. Where ¥ v, € V; and v, € V5 with
the property (v.) NN(v,) =0 , ¥ v; €V is a set of all
end vertices in [SB(G)). The (D) is an isolates.|D|
gives minimum split domination in [SB(G)].

Thus |D| = y.(G). Clearly |Hy UJ|—1 = [D| which
gives ¥azn (G} = Ycar(G} -1
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