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Abstract: A derivation of mathematical model of spatially
loaded bars with account of torsion function and transverse
shears is considered in the paper. On the basis of the
problem, with the use of Hamilton-Ostrogradsky’s principle
the variations of Kkinetic, potential energy and the work of
external forces have been determined; and a mathematical
model of spatially loaded bars with account of torsion
function and transverse shears has been derived. On the
basis of the model, the determinant equations of spatially
loaded bars have been derived with natural initial and
boundary conditions.

A sequence of solution of the equations obtained by
Hamilton-Ostrogradsky’s variation principle is given in the
conclusion of the paper.
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I. INTRODUCTION

As known, the calculation of thin-wall bars is more complex
than that of solid ones. Thin-wall structures are the best to
meet the requirements of economy providing at that respective
strength and rigidities. This explains their wide use in different
spheres of engineering — in machine-building, construction,
aviation, etc.

1. Statement of the problem. Applied theory of bar vibration
is built on the basis of a number of static and kinematic
hypotheses in respect to the law of distribution of
displacements, strains and stress in bar cross sections. The
problems of bars vibrations discussed below are solved on the
basis of the following hypotheses:

1. Under tension, compression and pure bending of the bars of
arbitrary profile and under torsion of circular bars all sections,
initially plane, remain plane during the process of bar strain
(according to the hypothesis of plane sections).

2. Tangent stresses in all cross sections are distributed by one
and the same law.

3. Stress components are non-zero. However, due to their
small value compared with stress components  they are
negligible.

4. Efforts applied to the side surface of the beam and volume
forces may be substituted by the distributed efforts and
moments applied along the axis of the bar.

When forming the applied theory, the transfer from the study
of vibration of three-dimensional body to one-dimensional one
is of crucial importance. Complete solution of this problem
may be obtained from discrete-continual method, developed
by V.Z.Vlasov, G.Yu.Djanelidze and V.K.Kabulov.

On the basis of assumptions 114, with more specified theory
of  Vlasov-Djanelidze-Kabulov ~ the  expressions  for
displacements points of the bar under joint longitudinal,
transverse and torsional vibrations are given in the form [1-6].

uy(x,y.2) =u-ze; - ye, + o(x,3.2)3+a,(x.3.2)f, +a, (x.3.2),.

HJ(}C:}'_.Z)=V+219_. uj(x:}':z)=]1‘—}'|9:

where @ is an angle of twist, u,v, W—displacements of
the middle line of the bar, c1,a— section turnover angles
under pure bending, f1,5— an angle of transverse shear,

u,u,,u .

1772273 _ components of displacement vector, Xx.y,z—
spatial variables.
There are twelve sought for functions:

U, v, W, al'aZ’H' g’ﬂl’ﬂZ'(p’al'aZ and no limitations on

external load; functions uv,W,3,0,a,, ¢, . fr are the
functions on spatial variable x and time t.

The formation of the theory of bars may be generalized in two
directions. First, coordinate functions may be considered as
unknown ones and to define them the corresponding
differential equations should be derived from Hamilton-
Ostrogradsky principle. This theory is conventionally called a
«one-dimensional» one.

The other way to generalize the vibrations of the bar leads to
the solution of the problem of mathematical theory of
elasticity with strict consideration of boundary conditions.
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In general, Hamilton-Ostrogradsky’s variation principle
[6,12,13] is written:

b

5((k-T1+ Aycit=0,

; 2}

(1

where K — is a kinetic and IT — a potential energy; A —a work
of external volume and surface forces.

2. Determination of the variation of kinetic energy. In
calculating the variations of kinetic energy we use the relation
[6-13]:

ou,  Ouy Oty d |
252 5% b
PRl paz i

where p — is a specific density of mass of the body material
(assumed to be constant).

[m [ [' g, 0l
ot

touh

Integrating by parts, substituting expressions Uy, Uz, Uy
from (1.1) into variations of Kkinetic energy (2.1) and
conducting corresponding analytical computation (integration,
differentiation and reduction of similar terms), with account of
introduced indications we get the variations of kinetic energy

in the form:
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Here the following indications have been introduced:

pF =I I pdzdy; oS, =I j prdzdy; pS, =I j pydzdy; oJ, =I j pz*dzdy;
y z y z y 2 y 2

24|Page



International Journal of Technical Research and Applications e-ISSN: 2320-8163,
www.ijtra.com Volume 4, Issue 1 (January-February, 2016), PP. 22-32

Py =[ [ prydzdy, p3, = [ | py*dady; 3, =] | p(z® +y?)dzdy.
y z y z y 2
3. Determination of the variation of potential energy. For the variation of potential energy we have [6,12,13]:
Jéﬁdv = j(o-ll&‘ll + 0,06, + 0'13&13)1\/-
v v (3.1)
0111012

Here 013 _ are stress tensors, 11 €12 €13 _ gtrain tensors.
On the basis of Cauchy relation we get [6-13]:
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Using the variation of potentlal energy (3.1) and conducting corresponding analytical computation (integration, differentiation
and reduction of similar terms), with account of introduced indications we get the variations of potential energy in the form:
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Here the following indications are introduced:

=[ [ oudzdy; Q,={ [ opdzdy; Q= [ oydzdy;
y z y 2z i

:I j zo,,dzdy; M, =I _[ yo,,dzdy; MX:I J. (0,2 —0,,y)dzdy.
y z y 2 y z

4. Determination of the variation of work of external forces. Consider the variation of work of external forces [6,12,13]:
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52 5 (4.1)
Using the variation of work of external forces (4.1) and conducting corresponding analytical computation (integration,

differentiation and reduction of similar terms), with account of introduced indications we get the variation of work of external
forces in the following form:

[ova = | {j (N (P + N, (@) = (M (R + M (6) e, = (M, (P + M, (a,) e, +
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y
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(4.2)
5. Derivation of determinant equations of spatially Ioaded bars. Variations of kinetic (2.3) and potential (3.3) energies and
work of external forces (4.2) are substituted into Hamilton-Ostrogradsky’s variation principle (1.2).
In variation equation the functions under the signs of variation are unknown. So, variations of these functions are non-zero. Thus,
their coefficients should be equal to zero. So, from variation equation we obtain the system of differential equations with natural
initial and boundary conditions.
The system of equations of the bar vibrations is:
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Natural boundary conditions are:

[N, +N, (e, =0:[M, ~M, (o) ,| =0:[M, ~M, (0|, =0;
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(5.3)
Natural initial conditions are:
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t
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The system of differential equations of the vibrations with account of torsional and transverse-shear functions has the form:
o%u 0’a o’a 0% 0° 0°
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Natural boundary conditions on linear twist and transverse shears are:

[(_ Oy + ¢1)¢’]§9|x =0; [(_ Ot ¢1)a1]681|x =0; [(_ Ou+ ¢1)a2 ]@BZ | «=0. (5.6)

Natural initial conditions on linear twist and transverse shears are:
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t
The system of differential equations of the vibration of the particles of the bar in stresses has the form:
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Natural boundary conditions on sought for functions of torsion and transverse shears are:

[(—0'11+¢1)19]5¢)|X =0 [(_611+¢)1) 1]5a1|x =0, [(_0'11+¢’1)ﬂ2]&32 |>< =0;

(5.8)
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Natural initial conditions are:
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With Cauchy relation, Hooke’s law for the bars is written in the following form:
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From (5.11), internal efforts and moments are calculated as follows:
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From relationship (5.12) we get the equation of state of the bar:
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+I J'Eazgodzdy

.[ JEaldzdy——j _[Ezaidzdy——.f J'Eyal

y

jdzdy M, =0;

QJdZd Btk S
! an

+.9I J.Ego a¢dzdy+ﬂlj' IEgp—ldzder,BzJ' IEgo—zdzdy I I @o,,dzdy = 0;

dzdy—+j anl dzdy ﬂl

+_[ IEalazdzdy ’BZ +,9_[ IEala—fdzdy+ﬂlj anla—;dzdy+ﬂ2I J'Eala—xzdzdy—j _f a,0,,dzdy =0;

+I .[Ea2 dzdy ﬂ

1. CONCLUSION.

The sequence of solution of the equations, obtained from
Hamilton-Ostrogradsky’s variation principle:

I. The system of equations (5.2) is solved under static loading
with corresponding boundary conditions (5.3). After internal

efforts and moments are defined, stresses i in cross section
of the bar are determined.

I1. Under static loading the equations (5.5) with corresponding
boundary conditions (5.6) are solved.

Ill. The equation (5.8) with corresponding boundary
conditions (5.9) is solved under static loading.

IV. The system of equations of the bar is solved (5.13).

So, twelve parameters of the bar are determined under spatial
static loading. Under dynamic loading these parameters are
the initial data.

Vibrations of the bars under dynamic loading:

I. On the basis of initial conditions (5.4) the parameters of the
bar are determined in the beginning of calculation. Further the
system of equations (5.5) is solved with corresponding
boundary conditions (5.6).

1. Initial conditions are determined according to formula
(5.10). Further the equation (5.8) with boundary conditions
(5.9) is solved.

I1l. The equations (5.8) with boundary conditions (5.9) are
solved. Here initial conditions are formed by the formulae
(5.10).

IV. The system of equations (5.13) is solved.

So, twelve parameters of the bar are determined under spatial
dynamic loading of the bar.

dzdy—+f IEaa dzdy aﬁl

8x2 + 19{ _Z[Eaz a—fdzdy + ﬂl_y[ !Ea2 8_x1d2dy+ ﬁz{ JZ'Ea2 8_)(2d2dy _J; ! a,o,,dzdy = 0.
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