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Abstract— Sastry et.al.[28] used the concept of o —y/

contraction on a complete partially ordered partial b - metric
space to study the existence and uniqueness of coupled fixed
points for nonlinear contractive mappings controlled by a
generalized contractive type condition. In this connection, an
open problem is posed. In this paper, we partially answer the
open problem in the affirmative. Still the open problem awaits
complete answer. Supporting example is also provided.

Index Terms—Component, formatting, style, styling, insert.
Coupled fixed point, ¢« —U/ contractive mappings, mixed
monotone property, & admissible, partial b - metric, complete
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. INTRODUCTION

Most of the fixed point theorems in nonlinear analysis
usually start with Banach [7] contraction principle. A huge
amount of literature is witnessed on applications,
generalizations and extensions of this principle carried out by
several authors in different directions like weakening the
hypothesis and considering different mappings. Fixed point
theory is an essential tool in the study of various varieties of
problems in control theory, economic theory, nonlinear
analysis and global analysis. But all the generalizations may
not be from this principle. In 1989, Bakktin [6] introduced the
concept of a b - metric space as a generalization of a metric
space. In 1993, Czerwik[9] extended many results related to
the b - metric space. In 1994, Matthews [17] introduced the
concept of partial metric space in which the self distance of
any point of space may not be zero. In 1996, O'Neill [26]
generalized the concept of partial metric space by admitting
negative distances. In 2013, Shukla [32] generalized both the
concepts of b - metric and partial metric space by introducing
the notation of partial b - metric spaces. Many authors recently
studied the existence of fixed points of self maps in different
types of metric spaces [14,33,20,30,35]. Some authors
[4,18,22,28,29] obtained some fixed point theorems in b -
metric spaces. After that some authors started to prove
o — 1 ~ versions of certain fixed point theorems in different

types of metric spaces [3,14]. Recently Samet et.al [27] and
Jalal Hassanzadeasl [12] obtained fixed point theorems for
o —l contractive mappings. Mustafa [22] gave a
generalization of Banach contraction principle in complete

ordered partial b - metric space by introducing the notion of a
generalized « —y weakly contractive mapping. Bhaskar and

Lakshmikantham [5] introduced the notation of mixed
monotone property and proved coupled fixed point theorems.

In 2012, Mohammad Mursaleen et.al [19] proved coupled
fixed point theorems for ¢ - ' contractive type mappings in

partially ordered metric spaces. Sastry et.al.[28] discussed
about o —i contraction on a complete partially ordered

partial metric space to study the existence and uniqueness of
coupled fixed points and posed an open problem to discuss the
same on a complete partially ordered partial b- metric space.

II. TYPE STYLE AND FONTS
In this paper we take up this open problem of Sastry
et.al.[28] to study the existence and uniqueness of coupled
fixed points for contractive mappings controlled by a
generalized contractive type condition on a complete partially
ordered partial b- metric space under ¢ -y contraction for

s >1 and gave a partial answer for this problem. In fact, we
show that coupled fixed point theorems on a complete partially
ordered partial b - metric space with coefficient of partial b -

metric space S>1 by using mixed monotone property under
o -y contraction. A supporting example is also given.

Further an open problem is also given at the end of this paper.
Definition 1.1.(H.Aydi et al [4]) Let X be a non empty set
and let S>1 be a given real number. A function

d : XxX — [0,0) is called a b - metric if for all
X, Y,Z € X the following conditions are satisfied.

(i) d(x,y)=0 ifand only if Xx=1Y.

(i) d(x, y)=d(y,X)

i) d(x,y) < s{d(x,z)+d(z,y)}

Definition 1.2. (S.G.Matthews [17]) Let X be a non empty
set. A function pP: X xX —[0,00) is called a partial
metric, if for all X,y,Z € X the following conditions are
satisfied.

(i) Xx=1y ifandonly if p(x,x) = p(x,y) = p(y,y).

(i) p(x,x) < p(x,y)

(i) p(x, y) = p(y, X)

(iv) p(x,y) < p(x, 2) + p(z, y) - (2, Z)

The pair (X, p) is called a partial metric space.

Shukla [32] introduced the notation of a partial b - metric
space as follows.
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Definition 1.3.(S.Shukla[32]) Let X be a non empty set and
let $>1 be a given real number. A function
p: X xX —[0,00) is called a partial b - metric if for all

X,Y,Z € X the following conditions are satisfied.

(i) x=y ifandonlyif p(x,x) = p(x,y) = p(y,y)

(i) p(x,x) < p(x,y)

(i) p(x,y) = p(y.X)

(iv) p(x,y) < s{p(x,2)+p(z, )} - p(z,2)

The pair (X, p) is called a partial b - metric space. The

number S >1 is called a coefficient of (X, p). We note that

if S=1, we get definition 1.2

Definition 1.4. A sequence

space (X, p) is said to be:
(i) convergent to a point X € X if LLTO p(x,,X) =

pP(x, X)
(i) a Cauchy sequence if lim p(X,,X,) exists and is
n,m—oo

{x,} in a partial b - metric

finite
(iii) a partial b - metric space (X, p) is said to be
complete if every Cauchy  sequence{X,}in
X converges to a point X € X

such that lim p(x,,x,)=lim p(x,,X)=p(x,x).

Definition 1.5.(E.Karapinar and B.Samet [15]) Let (X,<) be
a partially ordered set. A sequence {X,}€ X is said to be

non decreasing, if X, <X ,VneN

In Sastry et.al[28], the notion of a partially ordered partial
metric space is introduced.

Definition 1.6.(Z.Mustafa[20]) A triple (X,<, p) is called
an ordered partial b - metric space if (X,<) is a partially
ordered set and P is a partial b - metric on X . For

definiteness sake Sastry et.al[28](Definition 2.1) adopting the
definition 1.2 for partial metric and defined the triple

(X,<, p) as partially ordered partial metric space. A

partially ordered partial metric space (X,<, p) is said to be

complete if every Cauchy sequence is convergent.
Definition 1.7.(Mohammad Mursaleen. et. al. [19] ) Define

Y = {y/y:[0,0) — [0,0) is non-decreasing and
satisfies (1.7.1)}

lim w(r)<t vVt>0 1.7.1)
rot*

Definition 1.8.(T.G.Bhaskar and V.Lakshmikantham [5])
Let (X,<) be a partially ordered set and F: X x X — X

be a mapping. Then F is said to have the mixed monotone
property if F(X,Yy) is monotone non - decreasing in X and

is monotone non - increasing in Y ; i.e.,, forany X,ye X ,
X, X € X X <X = F(X,Y)<F(,y)  (181)
andy, Y, €eX ¥, <Y, = F(Xy)2F(Xx,y,) (182
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Definition 1.9.( T.G.Bhaskar and V.Lakshmikantham [5] ) An
element (X, y) € X x X is said to be a coupled fixed point
of the mapping

F: XxX o> X if F(X,y)=xand F(y,x)=Y
Definition 2.0.(Aiman Mukheimer[18]) Let (X, p) be a
o XxX —>[0,0) and
T : X — X be a given mappings. We say that T is « -
admissible if X, ye X, a(X,y)=1 implies that

a(Tx,Ty) >21. Also we say that T is L, - admissible, or

partial b - metric space,

R, - admissible if X,ye X, a(X,y)=1 implies that
a(TX,y) >1or a(X,Ty) >1 respectively.

Definition  2.1.(Mohammad  Murasaleen etal. [19])
LetF: XxX = X and a:X?xX?—>[0,00) be two

mappings. Then F is said to be
a - admissible if, o{(x,y),(u,v)}>1=

a({F(x y), F(y,x)}{F(u,v), F(v,u)}) =1
forall X,y,u,ve X

Using the definition 1.6,
established in Sastry et.al.[28].

Theorem 2.2.(Sastry et.al.[28] Theorem 2.7)Let (X,<, p)
be a complete partially ordered partial metric space. Let
F: X x X — X be a mapping having the mixed monotone

property of X .Supposey € P and a: X?x X? —[0,0)
such that for X, y,U,Vv € X, the following holds :
a((x,y),(u,v)) p(F(x,y),F(u,v)) <

the following theorems are

w(max{p(x,u), p(y,v)}) Vx>uand y<v (2.2.1)
Suppose that

() F is a -admissible.

(ii)there exists Xy, Y, € X such that

a((%y: Yo)s (F (X5, ¥o) F(Yo: %)) 21,
a((Yo’ Xo)y (F(yo’ X0)7 F(Xo’ yo))) >1

and

Xo S F (X, Yp) and Yo = F (Y, %,)-

(i) F is continuous Then F has a coupled fixed point, that is
dx,y e X suchthat F(X,y)=X and F(y,X) =Y

Theorem 2.3.(Sastry et.al.[28] Theorem 2.8) Let (X,<, p)
be a complete partially ordered partial metric space. Let
F: X xX — X be a mapping having the mixed monotone
property of X. Suppose veV¥ and

a: X?xX?* —[0,00) such that for X,y,u,ve X, the
following holds :
a((x,y),(u,v)) p(F(x,y), F(u,v)) <

w(max{p(x,u), p(y,v)}) Vxzu,y<v.
Suppose that
(i) F is o - admissible.

(2.3.1)
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(ii) there exist Xp Yo € X such

that (X5, Yo), (F (%o, Yo), F (Yo, %)) 21,

a((Yo: %): (F (Yo, %), F (X5, ¥o))) 2 1.

and X, < F (X5, ¥o) and Yo < F (Yo, %)

(iii)If {X,} is a non-decreasing sequence and {Y,} is a non-

increasing sequence, then lim X =x = X, <X and lim

Yo=Y =Y, 2Y

(iv) Further 1f  a((X,,Y,), (X, ¥s.)) =1and
aA((Yor %0)s (Ynias %000)) 21 vn, then
(%, Yo)s O YY) =L and (Y, %,), (¥, X)) 21

Then F has a coupled fixed point, that is IX,y € X such
that F(X,y)=X and F(y,X)=Y.

Theorem 2.4. (Sastry et.al.[28] Theorem 2.9)Let (X,<, p)
be a complete partially ordered partial metric space. Let
F: X x X — X be amapping having the mixed monotone
property of X. Suppose veV¥ and
a: X?xX?* —[0,00) such that for X,y,u,ve X, the
following holds :

a((xy),(u,v)) p(F(x,y),F(u,v)) <
w(max{p(x,u), p(y,v)})
Vx>uand y <V. Suppose that

(i) F is a -admissible.

(ii) there Xy, Yo € X such that

a((%: Yo)s (F (%o, o), F (Yo, %)) 21,

a((Yo, %), (F (Yo, %), F (%5, o)) 21

and

Xy < F (X5, ¥o) and Yo > F (Yo, %)

(iii) F is continuous

Suppose for every (X,y) and (S,t) in X x X, there
exists (U, V) such  thate((X,Y),(u,v))>1 and
a((s,t),(u,v)) >1.

Then F has a unique coupled fixed point.
Theorem  2.5.(Sastry etal.[28] Theorem  2.10)Let

(X,<, p)be a complete partially ordered partial metric

(1.14.1)

exist

space. Let F: X x X — X be a mapping having the mixed
monotone  property of X. Suppose w €W and

a:X?xX? —[0,00) such that forX,y,u,ve X, the
following holds:

a((x,y), (u,v)) p(F(x,y),F(u,v)) <

w(max{p(x,u), p(y,v)})
Vx>uand y <V. Suppose that
(i) F is a - admissible.

(ii) there Xg: Yo € X such that

a((xm yo)y(F(Xo’ yo)’ F(Yo' Xo))) >1

(2.5.1)

exist
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(Y1 %) (F (Y1 %) F (%o, o)) =1.and
Xo 2 F (X, Yo) and Yy <F (Y, %)

(iii) F is continuous
(iv)If sequence {X,} is non-increasing and sequence {Y,} is

non-decreasing then  lim

n—oo

X, =X =X, =X and

limy, =y =y, <vy;
Further If a((X,, Yo ) (Xq) Yiar)) 21 and

a((yn ) Xn)a (ynﬂ_, Xn+l)) > 1 vn ,then

a((X, ¥n), (% y)) 21 and a((Y,. X,). (¥, X)) 21
Then F has a coupled fixed point, that is X,y € X such
that F(X,y)=X and F(y,X)=Y.

In this connection, the following open problem is posed in
Sastry et.al.[28]. Are theorems 2.2, 2.3, 2.4, 2.5 hold good in

partially ordered partial b - metric spaces ( S >1 )?

In the next section we partially answer the open problem by
imposing a link between coefficient s>1of a partially ordered
partial b - metric space (X,<, p) and the functiony € V.
As theorems 1.12, 1.13, 1.14, 1.15 proved when S=1 in
Sastry et.al [28], we assume, without laws of generality, that
s>1.

Main Result In this section we continue our study of the open
problem of Sastry et.al.[28] under « —1/ contractions. We

study the existence and uniqueness of coupled fixed point
theorems by considering maps on complete partially ordered
partial b - metric space under & - Y contraction. This paper

is a sequel of Sastry et.al.[28]. We begin this section with the
following definition.

Definition 2.6.(Sastry et.al.[29]) Suppose (X,<) is a
partially ~ ordered set and isapartial b—metric
p asindefinition1.3with coefficient s>1. Then we say
that the triplet (X,<, p) is a partially ordered partial b -
metric space. A partially ordered partial b - metric space
(X, <, p) is said to be complete if every Cauchy sequence in
X is convergent.

Definition 2.7.Let (X,<, p) be a partially ordered partial b
metric space, with coefficient S>1.

Define W, = {y//y :[0,00) — [0,0) is non-decreasing
and satisfies (2.7.1)}

lim z//(r)<E vt>0 (2.7.1)
r—t* S

We observe that W, = ¥. In what follows, we assume,

unless otherwise specified, that (X,<, p) is a partially

ordered partial b - metric space with s> 1.
Now we state the following useful lemmas, whose proofs can
be found in Sastry. et. al [29].

Lemma 2.8.Let (X,<, p) be a complete partially ordered
partial b - metric space.
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Let {X.} be a
lim p(x,, X
nN—o0

sequence in X  such that
I|m X, =X and lim

X, =Y Then rI]|m p(X,, X) = I|m p(X,,y) = p(x,y)
and hence X = y_m n_m

Lemma29. p(x,y)=0 = x=y

Lemma3.0. If w € ¥, then (i) LI_[T; w"(t)=0 vt>0

)=0. Suppose

n+1

(i) w(t) < £Vt >0 and S>1 is the coefficient of (X, p)
S

Now we state our first main result:

Theorem 3.1.Let (X,<, p) be a complete partially ordered
partial b - metric space with coefficient $ s > 1 $. Let
F: X x X — X be amapping having the mixed monotone

property of X. Suppose yve¥, and
a: X?xX?* —[0,00) such that forX,y,u,ve X, the
following holds :
a((x,y), (u,v))
w(max{p(x,u), p(y,v)})

VvV x>uand y <V .Suppose that
(i) F is a - admissible.

P(F(x y), F(u,v)) <
(3.1.1)

(ii) there exist Xg1 Yo € X such that
(%, Yo): (F (%, o), F (Y0, %)) 21,
a((Yo %) (F (Yo, %) F (%o, Yo))) 21 and

Xo < F (X, ¥o) and Yo 2 F (Y5, %)

(i) F is continuous

Then F has a coupled fixed point, that is 3X, Yy € X such

that F(X,y)=X and F(y,X)=Yy

Proof:  Let X, Y, €X be as in  (ii).

Then (%o, Yo), (F (X5, Yo), F (Yo, %)) 21,

a((yO’ Xo)y(F(yo' Xo)’ F(Xo' yo))) >1, X = F(XO' yo)

and Y, = F(Yy,%)-

write F(X;, Yo) =% and F(Yq, %) =Y;.

Thenclearly X, <X and Y, 2>Y,.

Define Xy, Y, € X as

Y, = F(y;,%). Now from (ii),

a((Xy: ¥o), (%, V1)) =1

= a((F (X, Yo)s F(Yor %)), (F (%, V1), F (Y1, %)) 21

= a((%, Y1), (%, Y,)) 21

By mixed monotone property X, < X, and Y, =Y,

= F (%, ¥o) <F (X, ¥o) <F (X, Y1) and

F (Yo, %) 2 F (Y1, %) 2 F(¥1, %)

= X=X, and Yy, 2Y,. Inductively,
=F(x,,y,) and ¥, =F(y,,x,), n=0,12,..

X, = F(Xv yl) and

define
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Suppose X, <X, ., and Y, =Y,,,. Then by mixed monotone
property,

n+1 F(Xn' yn) < I:(Xn+1’ yn) < I:(Xn+1’ yn+1) X
and

yn+l F(yn ’ Xn) 2 F(yn+1’ Xn) 2 I:(yn+l’ n+1) yn+2

X SXp and Y 2 Y,
Hence sequence {X_ } is non-decreasing and sequence {Y,}
is non-increasing.

Suppose (X, Y,) = (X,.1» Yn,q) forsome n.
Then X, =X,,, = F(X,,Y,) and Y, =Y., =F(Y,,X,)

. F has a coupled fixed point. In fact (X,,Y,) is a coupled
fixed point.

Hence we may assume that (X..;, ¥,.1) # (X,, Y,) Yn=0.
Since F is « - admissible, we have

a (%) (Xy)) 21 = «a
((F (%1 Yo F (Yo, %)), (F O Y1), F (Y1, %)) 21
= a (%, ¥%).(X,Y,)) 21

c By Mathematical Induction (04
((Xm yn)! (Xn+1’ yn+l)) 21 Vn 2 O (3-1-2)

Similarly & ((Y,, %X,)s (Vo100 X101)) =21 ¥Nn>0 (3.1.3)
Now P (X, X,,1) =P (F(X, 1, You) F (X0 V)

<@ ((%1r Vo) (%0 ¥a)) P (F(Xgs Yos)s F (X0, Y3))
< w(max {p (X, 1: %), P (Vo1 ¥a)3)
Similarly p (Y., ¥,.1) <

w(max {p (Yo_s Yo)s P (X1, X))

: max {p (X, Xu.1)s P (Vs Yaa)3
w(max {p (X, 1: %), P (Y1) ¥a)3)

/1n_1 (by (ii) of lemma3.0)

IA

1
= A S y(l)<=

where 1, = max {p (xn,XM) P (Yor Ynua)3

A £ w(Ay) < (A, <. < p"(h)
where Ay $=$ p (X, %) >0
{1.} is
I!]I—I:g A, < !m(//"(ﬂo) =0 (by (i) lemma 3.0)

sequence decreasing and

.. sequence {4} is convergent and converges to 0

rl]m 4, =0

= lim max {p (X, %,.1), P (Vo Vo) =0 (3.24)
= 1Im p (,:%,.1) =0
and lim p (Y, Yy.,) =0

Let us show that the sequences {X,} and {y,} are Cauchy
sequences.

(3.1.5)
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If possible let {X.} or {Yy,} fails to be a Cauchy sequence,
Then either
lim p(X,,x,)=0 or I|m p(y,,Y,)=0

= max{ im p (%,,%,) . lim p (¥, ¥,)}#0
..30>0 for which we can find sub sequences {m,} and
{ng of
max {p (X, , X, ), P (Y + ¥ )30

Further we can choose N, to be the smallest positive integer
a {m} and {n}
satisfy max {p (X, + %, )i P (Y, + ¥y, )} =0 and

max P (X, Xq 1) P (Yo s ¥ 1) 3<0

Now we explore the properties of the sequences
which use in thesequel.

Llim (max £p (%, X, )0 P (Vo Yo JD =0

11.0<

s liminf (max {p (X, 1. %, ): P (Y, 1 Yo, 2)3)

<s?limsup(max {p (X, 1+ X, 1)+ P (Y 10 Yo )}

k—>00
<s%
1.0

<sliminf (max {p (X, X, 1), P (Y + Yo, 1)})
<slimsup(max {p (X, s X, 1) P (Y, » Yo 1)3)

k—>o0
<50
Now P (X 1, %, ) = P (F(Xy s Y ) F (X, 40 Yo, 1)
< a((ka 1 Yim, ) (X ny 17 ynk—l))
P (F (X s Yoo, ) F (X, 40 Yo, 1))

positive integers with n, >m, >ka

< w(max{p(Xy, . X, 1) PV, + Yo, 1) 1) (3.1.6)

Similarly P (Y, 10 Yo, ) <

y (Max{P(Yr, » Yo, 1)s POy 2 X, 1) 3 (3.1.7)
from (3.1.6) and (3.12.7) we have

(‘)S maX{p (ka+1’ ”k) p (ymk+1l ynk )}—
y (max{p(X, , X, 1), P(Yim s Yo 1) D w(0)

<2 (3.1.8)
S
Now, P (X, %) < (P (X Xpu)

p (ka+l' Ny )) p (ka+1’ mk+1)
< S(p (ka’ mk+l) + p (ka+l' Ny ))
<SP (X, s X 1) + O (by (3.1.8))

similarly, P (Y, » ¥, ) < SP (Y110 Y ) +90
(by (3.1.8))
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sosmax {p (X %, )i P (Vo2 Yo )3 <

smax {p (Xp, 115X ) P (Vi 115 Y )3 +0

Allowing K — oo and using (3.1.4)

o< max {p (X, %, ) P (Y + Yo, )} <
linmax{px ux ),pmkxnk

equal to O
Therefore (1) follows.

Again we have P (X, ,X,) <
P (X, 1:%,))

< S(S(P (X s Xy, 1) + P (X, 40X, 1)) -

P (X1 X, 1)) + 5P (Xnk_l, »

<STP (X o Xy 1) + 87D (X 0% 1)+ SP (X, 45 %)
similarly P (Y, » Yo, ) <SP (Vi Vi 1) *

"D (Y1 Y, 1) $+8 P (Y 1Y)

: 0< max {p (X, X, )y P (Vi » Yo )3 <
s®max {p (X, + X% 1) P (Vi Vi, )} +

s’max {p (x, 10 nk—l) Y (ymk—l’ynk—l)}+

Smax {p (Xnk' nk—l) P (ynk ynk—l)}
Allowing K — o0 and using (3.1.4)
We have 0< §° Iirkninf

—0

' exists and

S(P (X, + Xy 1) $+8

(max {p (X, 4+ %, 1)s P (Y13 Yo, 1)) (3.1.9)
On the other hand,

P (X1 Xn, 1)

< S(P (K 00X ) + P (X o X, 4))- P (X 0 %,)
< s(P (X 10X, ) $+8 P (X, 1 X, 1))

<SP (X, 10Xy, ) + SO

Similarly P (Y 1, Yo, 1) < SP (Y, 10 Y ) + SO
- max {p (ka 0 X, P (ymk—l’ ynk—l)} <
SMaX {P (Xyy 5% s P (Y 11 Yoy )} + 0
Allowing K — o0 and using (3.1.4)

limsup(max {p (X, .1, X, 1), P (ymk_l.ynk_l)})

k—0 11)
<80
.. From (3.1.9) and (3.1.11)
0<
s’ liminf (max {p (X, 1 X, 1), P (Y, 12 Yo, 2)3)

1%, 1) P (Y, 10 Y 1)})

(3.1.10)

<’ limsup(max {p (x,,
k—o0

<s%

Therefore (11') follows.

Finally we have ,

p (ka ! Xnk) = S(p (ka ! Xnk_l) +P (Xnk—l' Xnk ))
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< 80+ Sp (X, 1,%,))
Similarly

P (Y Yo ) < S(P (Yo s Vo) + P (Vo1 ))

< S0+ 8P (Yo 40 Yy ))

50<

max {p (X, + %, ), P (Yo, » ¥ )3

< smax {p (X Xy 1) P (Y, » Yo, 1)} +
smax {p (X, -1, X, )i P (Yo, 10 Ya )}

< 80+ smax {p (%, %, ) P (Y1 ¥ )}

Allowing K — o0 and using (3.1.4)
0

<sliminf (max {p (X, X, 1), P (Y + Yo, 1)})
<slimsup(max {p (X, . X, 1)s P (Y Yo )}

k—»o0
<s0
Therefore (111) follows.
Now from (3.1.1) P(Xp 1%, ) =

P (F (X, 1+ Y, 1) F (X, 40 Vi, 1))
< a((xmkfl’ ymk—l)i (Xnk—ll ynk—l))
P (F (X, 1+ Y, 1) F (X, 40 Vi, 4))

<y (max{p(Xy, 1, X, 1)y P(Ym, 13 Yo, 1) D
Similarly

p (ymk 1 ynk) = p (F(ymk—lixmk—l)i F(ynk—lixnk—l))

(3.1.12)

< p (F(ymk—17 ka—1)7 F(ynk—l’ Xnk—l))
a((ymk -1 ka —1)’ (ynk -11 Xnk —1))

<y (Mmax{pP(Vm, 11 Yo 1)) P 10X, 4)F (3113)
from (3.1.10) and (3.1.11) we have

osmax{p (X + %, )y P (Yo s ¥ )}
< w(max{p(Xp, 1) Xy, 1) P(Ym, 1+ Yo, 1)

1
=y (t) < gtk

where t, = max{p(X;, 1, X, 1), P(Ym 1: Yo, 1)

Soso0<t, for

But by (11), Iirkninf (t.) <limsup (t ) <so
=% k—o0

(3.1.14)

Hence SO < Iirkninf (t.) <limsup (t ) <so

k—o0
. A |
sdim (g ) =50 = lim (¥)=0
k—o0 koo ~ g
. A
Hence from (3.1.14), 0<lim w(t. ) <lim () =0
k—o koo ~ g

-~ lim (1) =6

every k
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t
From (3.1.14) again, 0<w(t ) <X <t,
S

o= IIm w(t, )—t II(m) w(t, )<—:

isa contradlctlon
.. sequences {X_},{Y,} are Cauchy sequences.

~by3.1.4), lim p(x,,X,)=0
and lim p(y,.Yy,)=0

Letsequence {X,} — X and{y,} > y asn—owo
SAimp (X, x)=0=p (X,X)

and lim p (y,,y)=0=p (v,Y)

We have Xn - F(Xm yn) and yn+1 F(yn’xn)
Now lim x ., =lim F (x,,y,)=F(x,y)

andalso lim X ., =X

nN—o

. By lemma 2.8 and (3.1.4), we have X = F (X, Y)
Similarly y =1lim y._., =limF (y,,Xx,)=F(y,X)

. x and y are coupled fixed points of F in X .

Now we state and prove our second main result:
Theorem 3.2.

Let (X, <, p) be a complete partially ordered partial
b - metric space with coefficient s > 1 . Let
F : X x X — X be a mapping having the mixed monotone

property of X. Suppose ye¥, and

a: X?xX?* —[0,00) such that for X,y,u,ve X, the
following holds :

a((x,y), (u,v)) P(F(x,y), F(u,v)) <
w(max{p(x,u), p(y,v)}) Vxzuysv (321
Suppose that

() F is a -admissible.

(ii) there exist Xo Yo € X such that

a((Xy: Yo)s (F (X, ¥o) F (Yo, %)) 21,
a((yo’ Xo)y (F(yo’ Xo)y F(Xo’ yo))) >1.

and
Xo < F (X, Yp) and Yo < F (Y4, %)

(iii)If {x,} is a non-decreasing sequence and {Y,} is a non-

increasing sequence, then lim X, =X = X, <X and

=y =V, y:n eN

(iv) Further If a((X,, ¥a) (Xoi1s Vo)) =1 and
a((¥n: %), (Viaps X,0)) 21 vn, then
(%, Yo). (%, Y)) 21 and (Y, %,), (¥, X)) 21

lim vy,
n—o0
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Then F has a coupled fixed point, that is~ 3X,y € X such
that F(X,y)=X and F(y,X)=Yy.

Proof: Using (ii), define the sequences {X,} and {Yy,} as
in Theorem 3.1. Then it can be shown, as in Theorem 3.1,
sequences {X,} and {y,} are Cauchy sequences. Suppose

lim x, =X and 'I1|m Y=Y

n—0 —®

Since sequence {X,} is non-decreasing and sequence {Y, } is

non-increasing, by (iii) , lim X, =x = X, <X and
n—o

lim V,=Y =Y,V
ar;jmalso from (3.1.2) and (3.1.3) of Theorem 3.1
a((Xy, ¥n): (% y)) 21 and a((Y,, %), (¥, X)) =21
~ P FOGY)) = PR (X Y,), F (X, Y))
<a((X,, ¥,). (X, ¥))
P(F(X,. ¥,). F(x,¥))
< w(max{(p(x,,X), (Y, ¥))})
V X,<Xand y, =Y
Similarly
P(Yo F (Y, X)) < w(max{(p(y,, ¥), P(X,,X))})
V X, <Xand Yy, =Y
Somax{P(X,.q, F (X, ¥)), P(Yn.0 F (Y, X))}
< y(max{(p(x,, ), P(Y,, Y))})
< lim max{p(X,.5, F (X ¥)), P(Ynias F (Y, X))}

< lim y(max{(p(%,, ), p(Yy Y}

< lim max{(p(x,,X), p(y,, ¥))}) =0 (from (3.1.5) of
theorem 3.1)
Ilm p(xn+1' F(X' y)) =0 and Ilm p(ym—l’ F(y,X)) :0

= Ilm Xn+1 = F(X’ y)) and Ilm yn+1 = F(y, X))
nN—o nN—o
Since sequence {X.} and sequence {y,} are Cauchy

sequences and lim X, =X ;

limy =y =Ilim x ,=xandlimy, =y
Further p(X, F(X,Y))

< S( p(X’ Xn+1) + p(Xn+l' F(X, y))) - p(Xn+l’ Xn+1)
= p(X, F(X,y)) =0 and similarly p(y, F(y,X))=0
Hence by lemma 2.9, Xx=F(X,y) and y=F(y,X)
.". F has coupled fixed pointin X .

Now we state and prove our third main result.

In this result, we obtain a sufficient condition which assumes
the uniqueness of coupled fixed point.

Theorem 3.3. Let (X, <, p) be a complete partially ordered
partial b - metric space with coefficient S > 1. Let
F: Xx X — X be a mapping having the mixed monotone
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property of X. Suppose v el and

a:X?xX? —>[0,00) such that for X,y,u,ve X, the
following holds :

a((xy),(u,v))
w(max{p(x,u), p(y,v)})
Vx>uand y <V. Suppose that
() F is a -admissible.

(ii) there exist Xor Yo € X such that
a((Xo: Yo): (F (%o, Yo) F (¥4, %)) 21,

a((Yo, %), (F (Y01 %), F (%9, ¥o))) = 1and

Xo < F (X5, Yo) and Yo = F (Y5, %)

(iii) F is continuous Suppose for every (X,Y) and (w,t) in
X x X, there exists (U,V) such that a((X,Y),(u,v))>1
and a((w,t),(u,v)) >1.

Then F has a unique coupled fixed point.
Proof: We have by theorem 3.1 the set of coupled fixed points

is non-empty. Suppose (X, Y) and (w,t) are coupled points
of the mapping F: X xX — X, that is x=F(X,y) ,
y=F(y,x) and w=F(w,t) t=F(,w). By
assumption, there exists (U,V) in X x X such that (u,V) is
comparable to (X, y) and (W,t).Let U=U, and V=V, .

write U, = F(u,,V,) and v, = F(Vv,,U,). Thus inductively

P(F(x,y), F(u,v)) <
(3.3.1)

we can define sequences {u,} and {v,} as
u,,=F(,v,) and v, =F(v,,u,)Since (u,v) is
comparable to (X,Y), therefore

X<u=u,=F(XYy)<F(u,, y)<FU,V,) (-y=V,)
= X< F(u,,V,) =U, and similarly y >V,

= X<U, and Yy =V, and by induction X<U, and Yy =V,
vnz=1.

Since U=U, and V=V,
—

a((F(x,y), F(y, X)), (F(Uy, Vo), F(Vo,Up))) 21=
a((x,y), (u,v)) =1

, we get a((X, y)'(uo’vo)) >1

c By mathematical induction, we obtain
a((x,y),(u,,v.))=1 ¥vn>1 (3.3.2)
Similarly a((y, X),(v,,u,)) =1 ¥n>1 (3.3.3)

.. from (3.3.1),(3.3.2),(3.3.3) we have

P (XUpy) =P (F(xy), F(u,,v,))

< a((x ), (u,,v,)) p (F(x y), F(u,,v,))

< y(max{(x,u,),(¥.v,)}) (3.3.4)
Similarly

P (¥, Vo) < w(max{(y,v,),(x,u,)}) (3.3.5)

.. from (3.3.4),(3.3.5) we have
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max{p (X,Uy,1), P (¥:Vy.1)}
<w(max{(x,u,), (Y, V)1 = g < w(n,)

where £, = max {p (X,U,.,), P (V. V,.0)}

Vot S w() < () <e < v ()
where £, = max {p (X,Uy), P (Y,Vo)}

{.} s

e, <limy ™ (1) =0 (by (i) lemma 3.0)

decreasing and  lim

nN—oo

sequence

.. sequence {,un} is convergent and converges to 0
sodim o, =0 = M}O max {p (X,u,,,), P (Y,V,.1)}

nN—o

=0 (3.3.6)

s im {p (X,u,,,)}=0 and lim {p (y,v,,,)}=0
Similarly

lim {p (W,u,,)}=0 andlim {p (t,v,,)}=0
Now

p (X, W)

< S(p (X’un+l)+ p (un+1'W))_ p (un+l’un+1)

<sp (x,u,,,)+sp (u,,,,w)

- p(x, w)

< slim p(x,u,,) + slimp (.. ,w)=0

= p(x,w)=0
Similarly p (y,t)=0
Hence by lemma 2.9, X=w and y =t

*. F has unique coupled fixed point.
The following theorem which is the fourth main result can
be established on the lines of the proof of theorems 3.1 and
3.2

Theorem 3.4.Let (X,<, p) be a complete partially ordered
partial b - metric space with $s>1$. Let F: X x X —> X
be a mapping having the mixed monotone property of X .
Suppose w € P, and a: X?x X* —[0,0) such that for

X, Y,U,V e X, the following holds :
a((x,y), (u,v)) P(F(x,y), F(u,v)) <

w(max{p(x,u), p(y,v)}) (3.4.)
Vx>uand y <V. Suppose that

(i) F is a - admissible.

(ii) there exist Xos Yo € X such

that (%), Yo)s (F (X ¥o), F(Yo: %)) 21
ca((Yor %)y (F (Yo, %) F (X5 ¥p))) 21.and
Xy 2 F(Xo’ yo) and Yy, < F(y01xo)-

(iii) F is continuous ( Or)
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(iv)If sequence {X,} is non-increasing and sequence {Y, } is

non-decreasing then lim X, =X =x, =X and lim

Yy, =Y =Y, <yvVneN;
Further If  ~  a((X,,¥,),(X.1s Vo)) 21 and
a((yn! Xn)! (yn+1) Xn+1)) >1 vn , then

a((X,, ¥n), (% y)) =L and a((Y,, X,), (¥, X)) =1

Then F has a coupled fixed point, that is IX,y € X such
that F(X,y)=X and F(y,X)=VY.

Proof: follows as in the theorems 3.1 and 3.2

Now we give an example in support of theorem 3.1

3.5 Example: Let X =[0,1] with usual ordering. Define

p(x, y) = (max{x, y}?> Vx,ye X. Clearly, (X,<, p)
is a partially ordered partial b - metric space with coefficient
s=2

Define F: X xX — X by

F(x,y) :{%x(l—y) if Vx,yeX

Define a: X?x X? —[0,0) by

Lif x>y,uxv
a((x,y),(u,v))) = {ootherwise

Define y/(t) = % =ypt)< % = y(t) < %

Without loss
0<y<x<1

~op(xy) = X2,
P(F (X, y), F(u,v)) = max{F(x,y),F(u,v)})*

= max({% x1-y)¥ ,{% u-v)¥)

p(x,u) = max(x*,u®), p(y,v) = max(y*,v°),
' y (max{p(x,u), p(y,v)})

-y (max{x’, u%}, max{y?, v2}) = % (max{x’, u})

of generality, we may assume that

(since X=Yy and U2=V)
Now 0(((X, y),(U,V))
P(F(x,y), F(u,v))= p(F(x y), F(u,v))

= max({% x(1-y)¥ ,{% u-v)¥)

and y(max{p(x,u), p(y,V)}) = %(max{xz,uZ})

Now we show that

a((x,y),(u,v)))
w(max{p(x,u), p(y,v)})

P(F(x Y), F(u,v)) <
(3.5.1)
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That is, we show that max({% x(1— y)}z,{%u(l—v)}z)

1
< é(max{xz,uz}) (35.2)
The following are the cases

Case(1): Let {%X(l— ")) = {%u(l—v)}2 and

1 x> 1u2
3 3
1 1,
{Ex(l_ V¥ < X =352 holds = (35.1) holds

Case(2): Let {%X(l— ) {%u(l—v)}z and

1uzzlx2
3 3

1 1
—x(1-y)¥ < =x* <
{2 1-y)} i
—(3.10.1) holds

1

gu = (3.5.2) holds
1 2 1 2

Case(3): Let {Ex(l_ )} < {Eu(l_v)} and

1, 1
—X"=>—-U
3" 73

1 1 1
—u@l-v)¥ < Zul< Zx?
{2 (1-v)} 3 3

= (3.5.1) holds

2

= (3.5.2) holds

Case(4): Let {% x(1-y)¥ < {%u(l—v)}z and
sl
3 3
1 o1,
{Eu(l_v)} < =—U° =(3.5.2) holds = (3.5.1) holds

3
Hence  a((x,y).(u,v)))  P(F(xy),F(uv) <

y (max{p(x,u), p(y,v)})

(i) Let X =F(x,y)= % X(1-y) and

y =F(y, x)=%y(1—x)

Further let u=F(u,v)= %u(l—v) and

v =F(v,u) =%v(1—u)

Since X,y,u,veX ad X >y, U >V
~a((X,y),(u,v)) =1 = Fis o - admissible.

(ii) Taking 0=x,0=Y, =
F(Xo' yo) =0, F(yov Xo) =0
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then a((XO' yo)' (F(XO! yo)! F(yoy XQ))) =1 and
a((yo' Xo)'(F(yo’ Xo)’ F(Xo’ yo))) =1

(iii) F is continuous.
.. F satisfies the hypothesis of theorem 2.6
Now F(0,0)=0 and F(0,0)=0

Hence (0,0) is a coupled fixed pointof F in X +
Note It can be shown that this example also supports
Theorem 3.2 .

Open Problem: Are the theorems 3.1, 3.2, 3.3 and 3.4 true for
partial b - metric spaces with coefficient S>1 when  is
defined independent of s ?
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